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Wf{!ML!M	Z[klcaM>UaUVhjd?qJU^,UM>M ,MDo]D vljO¦ <hq]VGJMQm[MLJqlhj]VhdYq0df]aGlMd[oLWf]VhdYq\oLdYqJU]VcaXJo]D.FHGJhUHUVKNWYj!M	Z]aMLq[
UVhdYq¢o	d?K;k!MLq#UVWf]VM>UdYcn]aGlM0WY{JUVMLqJoLM¤df*Wfq¢d?k#M>caWf]VdYc}d?cM	Z[hU`]aMLq1]VhWf+1XJWfq1]Vhj#o>Wz]VhdYq§dzy?MLcnWf{!MLUL
∃x.A
?hqd?Xlc½UV_1q1]pWzZ¥ ¡ Xlc½K;dY]VhyzWz]VhdYqNd?c<]VGJhUM	Z]VM>qJUVhjd?q;hU<]aGJWz]D1WY]aGldYXJYG;]VGlMWYmlm[hj]VhdYq¤dY ²Xl
1XJWYq1]Vhj#oLWf]VhdYq {lcaM>WY[U*dYXJc}mlM>o	hmlWY{lhjhj]`_cVMDUXlj]aU>Eh]nhU  d?cVzWf{JjM]Vd(o	dYq#Uhm[MLcQdo>Wz]ahjd?qdYcaKXlWYU
dzy?MLc =. k!d?UaUh{lMWf{!ML  GlhopGoLWYqw{!M  cah]V]VM>q ∃x.x[A]  hj]VGW01XJWYq1]VhjJMLcN  GlM>cVM x m[dM>Uqldf]WYklk!M>Wfc+caMLMnhq
A
 JdYc
∅⊥[A]  h]aG(W;Wf{!MLMLZ[klcVMDUVUVhdYq
FHGlMnm[M>qldf]pWz]ahjd?qdfWdYcaKXJW
A
hUHWUVM	]
[[A]]
dYChq[dYcaK¤Wz]VhdYq\]VcaMLMDUL ¨ U+XJUVXJWY,  MQUaW¦_;]VGJWf]HW
]acVM>MnUVWf]VhU`JMDU5WdYcaKXlWllm[M>qldf]aM>m
d |= A
lh<Wfq#m0d?ql_h
d ∈ [[A]]

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[[>]] = IT
[[¬A]] = IT \ [[A]]
[[A ∨ B]] = [[A]] ∪ [[B]]
[[0]] =
{
0
}
[[α[A]]] =
{
a[d] a ∈ α , d ∈ [[A]]
}
[[A | B]] = [[A]] | [[B]]
[[ABB]] =
{
d ∀d′ ∈ [[A]] . (d | d′) ∈ [[B]]
}
[[A∗]] = [[A]]∗
FHGlM0UVWf]VhU`W?o]VhdYq§caXlM>U}d?c]VGJMklcadYk!d?UVh]ahjd?qJWf%cpWf?K;M>q1]WfcaMo	dYqy?MLq1]VhdYqJWY,0FHGlM¤dYcaKXJW
0d?ql_\K¤Wz]popGlM>UÅ]VcaMLMDU*U]VcaXJo]aXlcaWYj_0oLdYql?cVXJMLq1]5]Vd 
0
_#jd[o>Wz]VhdYq
α[A]
K¤Wz]popGlM>U5]VcaMLM>U  h]aGiWUVhjql?jM
{JcaWYqJopG§WY{#M>jMDm
a
Wf]]VGJMcVddY]>  h]aG a ∈ α <M>W?m[hjqJ]VdwWwUXl{l]VcaMLM0UaWz]ahU_hjqJ A _oLdYKNk#d1Uhj]VhdYq
A1 | A2
K¤Wf]aopGlMDUWf*o	d?K;k!d?UVhj]VhdYqJUNdYQd?qlM(]VcaMLMUaWz]VhU_1hql
A1
 h]aG d?qlM(]VcaMLMUaWz]ahU_hjql A2 ©.hqJWf_YEo	dYKNk!d?UVh]ahjd?qiWYm¦e`XJqJo]
A B B
K¤Wz]popGlM>U
d
hjWfqJm(d?ql_0hj9dYcQWf]acVM>M>U
d′
]VG#Wz]QUaWz]ahU_
A

]aGlMoLdYKNk!d?UVh]ahjd?q
d | d′
UaWz]VhUJM>U
B
¥WfqJm(hqJm[MLJqlhj]VM;cVM>k#ML]Vhj]VhdYq
A∗
K¤Wf]aopGlMDU^o	d?KNk#d1Uhj]VhdYqJU^df½WYq
WYcV{Jh]acaWYcV_NqXlK{!MLc5dY]acVM>M>U5UaWz]ahU_hjql
A

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article [title[>] | author [Cardelli[ ]] | year [1998[ ]] | ¬((title , year)[>] | >)] .
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¡ qn]aGlMHUVWYK;M½jhqlM+df[]VGJdYXl?G?]D  M+o	dYXJmmlM	JqlM+W*yzWfhm[h]`_noLcVhj]VM>cVhdYq}d?cC{lh{lhjd?YcpWfklGlhoLWYYM>q?]acVhM>U
W?U+]VGlM}d?cVKXlW5F
article [title [>] | author [>] | ¬((title [>] ∨ (year [>] | year [>])) | >)] .
`O¦ 
©JdYcaKXlW'`O¦ UVk#MDo	hjJM>U]VG#Wz];Wiy¦WYjhm¢{lh{lhjd?YcpWfklGJho>Wf9M>q?]acV_§KXJU`];o	dYq1]pWfhq   \	$64U. d?qlM#MLm
Wf{!MLM>m
title
 4   #  dYqJMJM>mWf{!MLM>m
author
¥WfqJm  AC #  dYqlMn#MLmWY{#M>jMDm
year
!k#d1UVUVhj{Jj_
WYjd?ql?UVhm[M  hj]VG§Ud?K;M;df]aGlMLcNXJqJUk!M>oLh#M>mJ ^JM>mlU>FHGlMDUMNo	d?qJU]VcpWfhq?]pU^oLdYXlmi{!MNM	Z[klcaM>UaUMDmKNdYcaM
mlhjcaM>o	]V_XJUVhjqlN]aGlMUVGlM>W¦y?M>mo	dYKNk!d?UVh]ahjd?q0qJdf]aWf]VhdYqdf<UMDo]ahjd?qvljO?[{_\UVW¦_hql;]VGJWf]^WNyzWfhmMLq1]acV_
KXJU]H{!Mnhqd?qlM}df.]VGlMUVM	]pU0F
(nt, na, ny, no)  ([[title [>]]], [[author [>]]], [[year [>]]], [[(title , author , year)
⊥[>]]]) ,
 GJMLcaM nt, na, ny, no WYcVM}hq1]VML?MLc5yzWfcahWf{lM>UHUVXJopG]VGJWf] (nt = 1) WfqJm (na > 1) WYqJm (ny 6 1) WfqJm
(no > 0)
 ¡ qlMNdf9]aGlMNK¤WfhqoLdYq1]Vcahj{JX[]VhdYqJUdf]VGlhU}caMLk!dYcV]hUQ]Vd(UGld  ]VGJWf]nWYq_(1XJWYq1]VhjJMLcV,caMLM
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,m[M	#qJWf{lMQhjqb9caM>UV{lXlcaYMLcHWfcahj]VGlKNM	]aho>Ua ½{_UMD1XlMLqJoLM>U+dfMLMLKNMLq1]+dYcaKXlWYUQÅ]aGJWz]5hULd?cVKXlW?U½dY
]aGlMnhjq#m
α[A]
 	
P²q]VGlMNqlMLZ]nUVM>o	]VhdYq  M;cVMDoLWf.]VGlMN{JW?opYcadYXlqJmidYqwb½cVMDU{lXJcV?MLc}Wfcah]aGlKNM	]Vho;WfqJmUM>KNhjhjqJM>Wfc
UVM	]pUH]VG#Wz]  MnqlM>M>m(hqdYcpm[MLc5]ad\m[MLJqlMn]aGlM ,GlMDW¦yYMDU "d?Yho¤ , ". +dYcaK¤Wfj_?#Wfq#m\]aGlMLqi]VdklcadzyYM}hj]aU
MD1XlhjyzWYjM>qJo	M  hj]VG]VGlM1XJWYq1]VhjJMLcV,caMLMcpWfYKNM>q?]5dY.F
"9
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b½cVMDU{lXJcV?MLc^WYcVhj]VGlKNML]VhohU*]aGlMJcpU]÷dYcpm[MLc5]aGlMLd?cV_df9MD1XJWfh]`_dzyYM>c5]VGJMYcadYXJk
(N,+)
df9qJWf]VXlcpWf
qXlK{#M>caU  hj]VGW?mlm[hj]VhdYq K v"T Nnb½cVMDU{lXJcV?MLc*d?cVKXlWYU;WfUVd0oLWYjM>mo	d?qJU`]acaWYhjq1]pUa 5WYcVM;m[M>Uao	cah{#MDmihq
]aGlMdYjd  hqln]pWf{lMY  GlM>cVM M,N, . . . cpWfql?M*dzyYM>c½k!d?UVh]ahjy?Mhq1]VM>YMLcyzWfcahWY{ljMDUWYqJm m,n, . . . caWYqlYMdzy?MLcHk!d?UVh]ahjy?MQhq1]VM>YMLc5oLdYqJU]aWYq?]pUL
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Exp ::=
P²q?]aML?MLcHM	Z[klcaM>UaUhdYq
n
k!d?UVh]ahjy?MQhq1]VM>YMLc5oLdYqJU]aWYq?]
N
k!d?UVh]ahjy?MQhq1]VM>YMLcHyzWfcahWf{lM
Exp1 + Exp2
WYmJm[h]ahjd?q
φ, ψ, . . . ::=
b9caM>UV{lXlcaYMLc5WYcVhj]VGlKNML]Vho^d?cVKXlWYU
(Exp1 = Exp2)
]VMDU`]5d?c5M>1XJWYjhj]`_
¬φ
qlM>?Wz]ahjd?q
φ ∨ ψ
m[hUe`Xlq#o]VhdYq
∃N.φ
M	Z[hU`]aMLq1]VhWf1XJWYq1]Vhj#oLWf]VhdYq
b9caM>UV{lXlcaYM>c<o	dYq#U`]acaWYhjq1]aU.K¤W¦_{!M5XJUVM>m]Vdm[MLJqlM*W}UVXl{JU]aWfq1]ahWYlo	WYUaUdY%,m[M>oLhmJWf{lMD .klcadYk!MLcV]VhM>U
dzy?MLck!d?UVhj]VhyYM9hq1]VML?MLcpULDhj?M9dYcM	ZlWfKNklM `]VGlMyzWfXlM½dY
M
hU.U`]acVho]aj_QYcaM>Wf]VMLc]VGJWYqn]VGlMyzWfXlM½dY
N
p
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X#Uhql}]VGJMHdYcaKXlW
∃X.(M = N+X+1)
_?dYc 
M
hU9WYqNdmJmqXlK{#M>c 
∃X.(M = X+X+1)
!P²q
]aGlhUCcaMLk!dYcV]>  M½XJUVM½b9caM>UV{lXlcaYM>c¥dYcaKXJW?U¥]VdM	Z[klcaM>UaUCWYcVhj]VGlKNML]VhoLWf1o	d?qJU`]acaWYhjq1]pUdzyYM>cKXJ]ahjklho	hj]VhM>U
dYKXl]ahUVM	]pU5df%MLMLKNM>q?]pUL
FHGlcadYXJYGld?X[]9]VGJM*]VMLZ]  M^XJUVM*]aGlM^y?M>o]adYcqldf]pWz]VhdYqC n ?d?c9]aXlklM>U+df¥hq?]aML?MLcpULWfqJm |S| dYc]VGlMUVh dLMNqXlK{!MLc5dYM>jM>K;M>q1]aUp ½dY
S
  M}XJUM]VGJMnqldf]pWz]VhdYq#U
φ(N)
d?cHW;b9caM>UV{lXlcaYM>c½d?cVKXlW  Gld1UM
caMLM^y¦WYcVhWf{JjMDU½WfcaM^WYj#hjq
N = (N1, . . . , Np)
WYqJm
|= φ(n1, . . . , np)
 GlM>q φ{N1 ← n1} . . . {Np ←
np}
hU^UVWf]VhU`JMDm¥
FHGlMQm[MLqJdf]aWf]VhdYq
[[φ(N)]]
dfCWb9cVMDU{JXlcV?MLc<d?cVKXlW
φ(N)
hU½]VGlM}UML]dYhjq1]VM>YM>c½yYMDo]adYcpU
n
UVXJopG
]aGJWz]
|= φ(n)
+b9cVMDU{JXlcV?MLc5Wfcahj]VGlKNM	]aho}hU*WYqhq1]VM>cVMDU`]ahjqlNMLZ[WYKNkljMnhqo	d?K;kJX[]aWf]VhdYqJWYCo	d?K;kJjMLZhj]`_
]aGlMLd?cV_{!M>oLWYXJUVMhj]QhU^d?qlMdY9]VGJMM  klcVd?{lMLK ]VGJWf]QkJcVdzyzWf{Jj_qlMLMDmKNdYcaM]aGJWfqik!dY_qldYKNhWf.cVXJq
]ahjKNM KjOVO2N3F.M>yYM>cV_¤WfYd?cVhj]VGJK  GlhopG0mlM>o	hm[MDU9]aGlM^]acVXl]VGdfCWb9cVMDU{JXlcV?MLc+o	dYq#U`]acaWYhjq1] φ ]VG#Wz]HhU]VMDU`] GJM	]VGJMLc [[φ]] = ∅ GJWYUnWcaXlq1]VhKNM¤df+Wf]jMDWYU] 2̂ (2̂ (cn)) d?cUd?K;M¤oLdYqJU]aWYq?] c   GlMLcaM n hU}]VGlMMLqJf]VGdf
φ
.FHGJMLcaM½hUWYUVd^W*qld  q}]acVhkl_}M	Z[k#d?qlMLq1]ahWY?XlkJk#M>c÷{#d?XlqJmnhq]aGlM  dYcpU]oLW?UM K vED2N¦]aGJWz]
hUdYc<WfqXlq{#d?XlqJm[MDmWY]aMLcaqJWz]ahjd?qdY#1XJWfq1]VhjJM>caU F¥]VGJMHoLdYKNklM	Z[hj]`_ndf#opGlMDophjql^]VGlM5UaWz]ahU#Wf{Jhjh]`_ndY
W^dYcaKXJW
φ
hU%hjq]VhKNMHWf].KNd1U`]
2̂ (2̂ (2̂ (pn)))
<FHGlM+klcadY{lMLKhU%x*b9÷oLdYKNklM	]VM+d?c]aGlM5M	Z[hU`]aMLq1]VhWf
cpWf?KNMLq1]+dY.b½cVMDU{lXJcV?MLc5Wfcah]aGlKNM	]ahoY
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 A )4U)  , #0  #
dYqJWf]VXlcpWf<qXlK{#M>caU> ¨ 4U)  , #0  dY
N
n  L(b, P ) ChUQ]VGlMUVM	]ndfHyYMDo]adYcpU^?MLqlM>caWf]VM>m{_ihjqlMDWfcoLdYK{lhjq#Wz]VhdYq(dY]aGlMk!MLcahjd[mlU
P =
{
p1, . . . ,pk
}   h]aG pi ∈ Nn dYcWf i ∈ 1..p  	  hj]VG(]aGlM{JW?UM
b ∈ Nn
F
L(b, P ) = 
{
b +
∑
i∈1..k
λipi λ1, . . . , λk ∈ N
}
.
¨ #0 A )4U)  , #0  hUW\Jqlhj]VM;XlqlhdYqdf½hqlM>WYcQUVM	]pUL ,M>K;hhjqlMDWfc}UML]aU}WfcaMMLZlWYo]aj_]aGlMKNd[m[M>U
dY*b9caM>UV{lXlcaYMLcWfcah]aGlKNM	]Vho\dYcaKXlWYU>C]aGJWz]NhUL%]aGlMUVM	];df*hq1]VML?MLcyYM>o	]Vd?caUUVWf]VhU`_hqlwWd?cVKXlW
φ(N1, . . . , Np)
hU;WiUVMLKNhjhqlM>WYcUVM	];df
N
p 9WfqJm¢oLdYqyYM>caUVML_Y ,M>KNhjhjqJM>Wfc;UML]aUWfcaM\o	d?UVM>m§Xlq#m[MLcW?mlm[hj]VhdYqA  h]aG L + M = 	 {x + y x ∈ L, y ∈ M}  	9XlqJmlMLcN{JWYUVho\UVM	]NdYk!MLcpWz]VhdYq#U0XlqlhdYqhq1]VM>caUVM>o	]VhdYqJUVM	]Qo	dYKNklMLKNM>q?]DC>La \WfqJm(XJqJm[MLc )  ,R6
   hj]VG Ln = 	 L+ · · ·+ L  n ]VhKNM>U>WYqJm
L∗ = 
⋃
n∈N L
n  	 P²q]VGlM0oLWYUVMNdf5hj]VMLcpWz]ahjd?q]aGlMUVMLKNhjhqlM>WYcUML] L∗ K¤W¦_i{!M\W(XlqJhjd?qdYMLZ[k#d?qlMLq1]VhWf_K¤Wfq_hjqlMDWfc5UVM	]aUhq0]aGlMnqXlK{!MLc5dY.hqlM>WYcHUVM	]pU5hq
L
 
  °  °    °
    °   , =.    #0 A )4U)  , #$  #
L,M
98
N
p
*  =J#0  #
L + M
*
Lk
 8$,.
k ∈ N
  1
L∗
,  4 #  #0 A7)4 )  , #0  #  8
N
p
B
b9caM>UV{lXlcaYM>c\o	d?qJU]VcpWfhq?]pUWfq#m UM>K;hhjqlMDWfc\UVM	]pU\WYcVM 	$6)>  4U. M>1XlhyzWfMLq1]>H]aGJWz]0hU>5YhyYM>q W
b½cVMDU{lXJcV?MLcNo	dYq#U`]acaWYhjq1]
φ
+hj]hUNk!d?UaUh{lM]Vd¢o	d?K;kJX[]VM]VGJM{#WYUVM>UNWfqJmÿk!MLcahjd[mlUNdYQW§UM>KNhjhjqJM>Wfc
UVM	]¤caMLklcaM>UVMLq1]ahjql
[[φ]]
HWfq#mÿoLdYqyYM>caUVML_Y'Fd{JXlhjm WUVMLKNhjhqlMDWfc¤UML]o	dYcacaM>UVk#d?qJm[hqli]adWYhyYM>q
b½cVMDU{lXJcV?MLcHo	dYq#U`]acaWYhjq1]>hj]*hUHM>qldYXJYG0]VdNk#M>cd?cVK ?X#Wfq1]VhjJMLcHM>jhKNhjqJWf]VhdYqdYq0]VGlMoLdYqJU]VcpWfhq1] Kïv\TVN
W;k!d?UaUh{l_M	Z[k!MLqJUVhyYM}klcadoLM>m[XJcVM?
éÛ.×éÅè
 
	 O?O
      ) - %    %) ) 	
+Xlhm[hjqJQXJk#d?q]aGlM*o	d?qlqlMDo]VhdYqN{!M	]  MLM>q;UVMLKNhjhqlM>WYc9UML]aU<WYqJm;b9cVMDU{JXlcV?MLc<Wfcahj]VGlKNM	]ahoY  M*oLWfq;hÅ]
]aGlMUVXlK WfqJm(hj]VM>caWf]VhdYqd?k#M>caWf]VdYcpUHdYqiUVMLKNhjhqlMDWfcUVM	]pU5]ad¤]VGlMjM>yYM>Cdf%]aGlMdY?hoYl]VG#Wz]hU>  MoLWYq
mlMLcahjy?M^o	d?qlqlM>o	]Vd?caU
+
WfqJm
∗
UX#opG¤]VGJWf]
[[φ+ψ]] = [[φ]] + [[ψ]]
lWfqJm
[[φ∗]] = [[φ]]∗
<P²q]aGlMdYjd  hqlJ
 M}K¤WfYM}XJUVMndf]VGlMnX#UXJWYCm[M>cVhyYMDm0oLdYqlqlMDo]ahjy?M>U> 	&0:- 	06
 ∧  )A ' 4U
	&6
 → JWYqJm )>  , # 4
 =m a 	&6
 ∀ 
¨ UaUXlKNM
N,N1
WYqJm
N2
WfcaMQm[hUe`dYhq?]^UVM>1XlM>qJo	MDU+df%y¦WYcVhWf{JjMDU F
(φ+ ψ)(N) = 	 ∃N1,N2.
(
(N = N1 + N2) ∧ φ(N1) ∧ ψ(N2)
)
.
P÷]  hj<WfUVd0klcadzyYMXJUMLXl%]Vd(m[MLJqlMYW?UQhjqF
"9E]VGJM;W?m¦e`XlqJo	]}dYUVXlK(¥]VGJWf]QhU}W0oLdYqlqJM>o]adYc
BUVXJopG(]aGJWz]
ξ ` φ B ψ
hj½WfqJmd?ql_hj
ξ + φ ` ψ
  GlMLcaM]aGlMMLq1]pWfhjKNMLq1]QcVM>Wf]VhdYq φ ` ψ !KNM>Wfq#U]aGJWz]
[[φ]] ⊆ [[ψ]]
 FHGJMd?jd  hql0m[MLJqlhj]VhdYq§hU}cVM>K;hqlhUVoLMLq1]}df½]aGlM¤o	d?cVcaM>UVk#d?qJm[M>qJo	M{#ML]  M>MLq
BWYqJm\]VGlMnhjqJM>Wfc5hKNklho>Wz]VhdYq(o	d?qlqlMDo]Vd?c5df.jhqlM>WYc5jd?Yhof  GlhopG  W?U5WfcVMDWYm[_¤KNMLq1]ahjd?qlM>m0hjqK MN÷
¨ UaUXlKNM
N,N1
WYqJm
N2
WfcaMQm[hUe`dYhq?]^UVM>1XlM>qJo	MDU+df%y¦WYcVhWf{JjMDU F
(φ B ψ)(N) = 	 ∀N1.
(
φ(N1)→ ∃N2.(N2 = N1 + N) ∧ ψ(N2)
)
.
FHGlMd?jd  hjqJklcadYk!MLcV]`_¢U`]pWz]aM>U]VGlMUVdYXlq#m[qlM>UaU;df]VGlMDUM(MLq#o	d[m[hql?UNWfq#m'caMLWz]VMDU
B
 h]aG W
UVXl{[]acaW?o]ahjd?q0d?k#M>caWf]VhdYq\dzy?MLc+]VGJMnk#d  MLcpUML]+dY
N
p 
  °  °    °
     ## A 
φ
 1
ψ
,    , -# c0,m  ,8$,-A74  # *f  = [8$,  >  ,-. #0 
S
 8
)    , >  	$(, # * %  >  
S ⊆ [[φ+ ψ]] ⇔ S ⊆ [[φ]] + [[ψ]] ,
S ⊆ [[φB ψ]] ⇔ S + [[φ]] ⊆ [[ψ]] .
  °° ©ld?c½]aGlM^#caU]MD?XJhjyzWfMLq#o	MY  M^klcadzyYM*]VGJWf] [[φ]] + [[ψ]] = [[φ+ψ]]  ¨ UVUVXlKNM n hU+WyYMDo]adYchq
N
p   MG#W¦yYM n ∈ [[φ]] + [[ψ]] hj^Wfq#m§dYql_hjH]VGlM>cVM0M	Z[hU`]]  dyYMDo]adYcpU n1 Wfq#m n2 UXJopG§]aGJWz]
n = n1 + n2
Wfq#m
n1 ∈ [[φ]]
Wfq#m
n2 ∈ [[ψ]]
l]VG#Wz]5hU>lhj%WYqJm0dYql_\hj
n ∈ [[φ+ ψ]]

©JdYc%]VGJM*UMDo	dYq#mMD?XJhjyzWfMLq#o	MYYh]9hU%MLqld?XlYG]VdnkJcVdzy?M9]VG#Wz]
n
hq
[[φBψ]]
hjEWYqJm;dYql_hj
n+[[φ]] ⊆
[[ψ]]

+_m[MLJqlhj]VhdYqdY
B
  MGJW¦yYM n hjq [[φ B ψ]] hj9WfqJmd?ql_\hj<dYcWYj n1 ∈ [[φ]] !]aGlMLcaMhU n2 hq
[[ψ]]
UVXJopG0]VGJWf]
n + n1 = n2
]aGJWz]5hUL
n + n1 ∈ [[ψ]]
#W?UqJMLM>mlM>m¥

P÷]hUWfUVd0k!d?UaUh{lM;]Vdm[MLcahyYM¤W0dYcaKXlWd?cnh]aMLcpWz]ahjd?q
φ∗
UVXJopGw]aGJWz]
[[φ∗]] = [[φ]]∗
]VG#Wz]hUL
|= φ∗(n)
h9WYqJm(dYql_\hj
n
hU5]aGlMUVXlK dY%W¤Jqlhj]VMqXlK{#M>c^df%yYMDo]adYcpU5UVWf]VhU`_hql
φ
  M]pWf?M}]VGlM
M>KNk[]`_UVXlK ]Vd0U`]pWfqJmd?c*]VGJMqXlCyYMDo]adYcD
0 = (0, . . . , 0)
*FHGlMoLdYqJU]VcaXJo	]VhdYqhU^1Xlhj]VMoLdYKNklM	Z¥
WYqJm0cVMD?XJhjcaM>U+hq0]aGlM}JcpU`]5klWYoLM}]Vd¤o	d?KNklX[]VM}]aGlMn{JW?UMDU+WYqJmk#M>cVhd[mlUHdf]VGlMUVMLKNhjhqlMDWfc*UVM	]
[[φ]]

×× Ýo=p
O¦v  B74 )4U
* B <EE 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	 B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¨ UaUXlKNM
φ
hU*WdYcaKXJWNUVXJopG\]aGJWz]
[[φ]] =
⋃
i∈1..l L(bi, Pi)
  hj]VG Pi =
{
pi,1, . . . ,pi,li
} F
φ∗(N) = 	 ∃µi, λi,j .
(
N =
∑
i6l
(
µibi +
∑
j6li
λi,jpi,j
))
∧
∧
i6l
((
∨
j6li
λi,j 6= 0
)
→ µi 6= 0
)
P²q1]VXJh]ahjy?ML_Y#]VGlMnd?cVKXlW
φ∗(n)
oLdYqJU]VcpWfhq1]aU+]aGlMy?M>o]adYc
n
]Vd{!Mn]aGlMUVXlK df<MLMLKNMLq1]pU5]aWYYM>q
cadYK ⋃
i∈1..l L(bi, Pi)
  GlMLcaMwWYq MLMLKNMLq1]0hq L(bi, Pi) Åd?c0WYj i ∈ 1..l  ¤hU\{1_ m[MLJqlhj]VhdYq WUVdYX[]ahjd?q0dY
φ

  °  °    °
      ## A 
φ
 #   , $# c$,m  ,8$,-A 4Q  )  
p
8&, & >2,-
Ec04 $# *f  5 
|= φ∗(n) 8` 1 =4U.  8e  5 , [   #  #  a =) e#0    ;	  (n1, . . . ,nk)
 8  4  A   # )
N
p # =	     n =
∑
i∈1..k ni
 1
|= φ(ni)
8$,4)4
i ∈ 1..k
B
  °° "CM	]
φ
{#M^W}b½cVMDU{lXJcV?MLc.dYcaKXlW}m[MLqJdf]VMDmN{_n]VGlMUM>K;hhjqlMDWfc9UVM	] ⋃
i∈1..l L(bi, Pi)
  hj]VG
Pi =
{
pi,1, . . . ,pi,li
} dYc*WYj
i ∈ 1..l

¨ UVUVXlKNM
|= φ∗(n)
*FHGlMLcaMWfcaMnhjq1]aMLYM>caU
µi
dYc
i ∈ 1..l
 5WYqJm
λi,j
Åd?c
i ∈ 1..l
WfqJm
j ∈ 1..li
 
UVXJopGw]VGJWf]
n =
∑
i6l
(
µibi +
∑
j6li
λi,jpi,j
) WfqJm (∨
j6li
λi,j 6= 0
)
→ µi 6= 0
d?cnWf
i ∈ 1..l

"CM	]V]Vhql
I =
{
i ∈ 1..l µi 6= 0
}   MGJW¦y?M µi = λi,j = 0 d?cWf i ∈ 1..l \ I  j ∈ 1..li !WYqJm]VGXJU
n =
∑
i∈I
(
µibi +
∑
j6li
λi,jpi,j
) ©ld?c
i ∈ I
EjML]
ni,1 = bi +
∑
j6li
λi,jpi,j
EWYqJm¥¥hj
µi > 2

M	]
ni,2 = . . . = ni,µi = bi
½©ld?c^Wf
i ∈ I
#Wfq#m\d?c*Wf
j ∈ 1..µi
  MnGJW¦yYM ni,j ∈ L(bi, Pi) #Wfq#m]aGXJU
|= φ(ni,j)
  GJhjM n = ∑i∈I
(
µibi +
∑
j6li
λi,jpi,j
)
=
∑
i∈I
(
∑
j6µi
ni,j
) 
©JdYc}]VGJMo	dYqy?MLcpUM?WYUaUXlKNM;]VGJMLcaMNWYcVM
n1, . . . ,nk
UVXJopG]VGJWf]
n =
∑
h∈1..k nh
WYqJm
|= φ(nh)d?c5Wf
h ∈ 1..k
<©ld?c+MDWYopG
h ∈ 1..k

nh
KX#U`]HWf¥hq?]ad;Wf]5jMDWYU]Hd?qlMQdfC]aGlM
L(bi, Pi)
dYc
i ∈ 1..l

UVd]aGlMLcaMQhU+WUVM>1XlM>qJo	MdfChq1]VM>YMLcpU (
µi
)
i∈1..l
UXJopG\]VGJWf]  M}oLWfq0m[M>oLdYKNk#d1UM^]VGlM}UVXlK ∑
h∈1..k nhhq1]Vd
n =
∑
i6l
(
∑
h6µi
ni,h
)   GlMLcaM ni,h ∈ L(bi, Pi) dYcnWf i ∈ 1..l  h ∈ 1..µi FHGXJU>E]VGlM>cVMWYcVMQhq?]aML?MLcpU
λi,h,j
d?c
i ∈ 1..l

h ∈ 1..µi
Wfq#m
j ∈ 1..li
lUVXJopG0]VGJWf]
ni,h = bi +
∑
j6li
λi,h,jpi,j

_hMLm[hql
n =
∑
i6l
(
∑
h6µi
(
bi +
∑
j6li
λi,h,jpi,j
)) ]aGJWz]5hU
n =
∑
i6l
(
µibi +
∑
j6li
λi,jpi,j
) 
 hj]VG λi,j =
∑
h6µi
λi,h,j
  M}o	d?qJo	XJm[MQUhKNkl_¤{1_NqldY]Vho	hql]VGJWf]d?c+WYj
i ∈ 1..l
1hj
µi = 0
]aGlMLq
λi,j = 0
d?c*Wf
j ∈ 1..li


P²q\]VGlMQWfK{JhjM>q?]+jd?Yhofo	d?K;kJX[]Vhql]aGlM}m[MLqldY]aWf]VhdYqdY
ABB
cVMD1XlhjcaM>UWXlqJhjy?MLcpUVWY#1XJWfq1]ah#o>Wz
]ahjd?qdzy?MLc
[[A]]
Wfq#mhj]9hU.]aGlMLcaM	d?cVM5W}o	d1U`]aj_dYk!MLcpWz]VhdYqCFHGlhU<o	d?K;kJjMLZhj]`_hUVUVXlM5m[dM>U<qJdf]9Wfklk!M>WYc9WYU
oLjMDWfcaj_0hjq(]aGlMmlM	Jqlhj]VhdYqwdf9UXJ{[]VcpWYo	]VhdYq XQhyYMLq(]aGJWz]}WfqXlq#o	dYq1]acVd?jM>m(Wfj]VM>cVq#Wz]VhdYq(dY½UXlK Wfq#m
qJML?Wf]VhdYqNK¤W¦_M>W?m;]Vdb9caM>UV{lXlcaYM>c%dYcaKXlWYU  h]aGWfq¤Xlq{!dYXlqJmlM>m¤Wfj]VM>cVq#Wz]VhdYqNdY¥1XJWYq1]VhjJMLcpULY]VGlM
X#UMdf
B
mld1MDU^qJdf]nWfklk!M>WYcKNdYcaMklcadY{JjM>KNWf]Vhon]aGJWfqw]VGlMNo	d?K{lhqJWz]ahjd?qidf+o	dYKNk!d?UVh]ahjd?q£
+
 WfqJm
qJML?Wf]VhdYqngd?cVM;UXJcVklcahUhqlY_Y  GlM>qoLdYqJUVhmlMLcahjql0dYk!MLcpWz]adYcpU*m[MLcahyYM>micVd?KF
"9Eh]WYklk#MDWfcpU*]aGJWz]
]aGlMo	d?KNkljMLZ[h]`_hU5m[d?K;hqJWf]VM>m{_hj]VM>caWf]VhdYq
  5 
 	
FHGJM ,GlM>W¦y?M>U "CdYYho} , ". .hU½W}qlM  KNdmJWfldY?hodYc½hjq[d?cVK¤Wf]VhdYq]VcaMLM>U.]aGJWz]+m[hjcaM>o	]V_M>qJo	d?K;k#WYUaUMDU
b½cVMDU{lXJcV?MLc5o	d?qJU`]acaWYhjq1]pUL[Wfq#m\hU5{JW?UMDm\d?q\]aGlM
UVGlMDW¦yYM>m0o	d?K;k!d?UVhj]VhdYq qJdf]aWf]VhdYqdf*,M>o	]VhdYqv[OY
éÛ.×éÅè
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E ::=
+9MLKNMLq1]5dYcaKXJW
α[A]
MLMLKNMLq1]  hj]VG(WY{#M>hq α
A ::=
WdYXlq1]ahjql;d?cVKXlW
>
]VcaXlM
∃N φ  E
UGJM>W¦yYMDm\oLdYKNk#d1Uhj]VhdYq§  hj]VG |N| = |E|  
 MWY?WfhqNXJUVM5]VGlM^jML]]VM>caU
A,B, . . .
]adcpWfql?M5dzyYMLc%d?cVKXlWYU<dY , "91{lX[]9]aGlhU+UVGldYXlmNqldY]oLWYXJUM
WYq_WfK{lhYXlhj]`_  hj]VGF
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 {#M}]aGlMn{JW?UhU+XJUMDmhjq0]VGlMmlM	Jqlhj]VhdYqdf
Ai
 , $#m' B
Bj
  +_hqJm[X#o]VhdYq(G_k#dY]VGlMDUhU  M
G#W¦yYM]VGJWf]+d?c*Wf
(i, j) ∈ 1..p× 1..q
]VGlM>cVM}hU5WklcadYk!MLcH{JW?UhU
Ci ×Dj
cVMLJqlhql
Ci
WYqJm
Dj
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b½cVd?k#d1Uhj]VhdYqwtl vl  MK¤W¦_0caM  cahj]VM Ai WYqJm Bj hjq1]Vd\M>1Xlhy¦WYjM>q1]^dYcaKXJW?U*m[M	#qlM>mdzy?MLc5]aGlM;{JWYUVhU
Ci ×Dj
<FHGlM>cVMLdYcaMY  MQo>Wfq{lXlhm(WdYcaKXJWM>1XlhyzWfMLq1]H]Vd Ai ∧Bj 9FHGlM}klcVd?k#d1Uhj]VhdYq\dYjd  U{_iopGldd1Uhql¤d?c
E × F
]VGJMNUVXlklk!dYcV]}yYM>o	]Vd?c  hj]VGMLMLKNMLq1]QdYcaKXlWYU (αi ∩ βj)[Ai ∧ Bj ] d?cQWYj
i ∈ 1..p, j ∈ 1..q


FHGlM}UVXlklk!dYcV]+d?{[]aWYhjqlMDm¤{_N]VGlhU+dYk!MLcpWz]ahjd?q¤KNW¦_N{!MQXlc]aGlMLcHUVhjKNklh#M>m0{1_NM>jhKNhjqJWf]Vhql;XJUM>jMDUVU
oLdYKNk!dYqlM>q?]pUL¥q#WfKNML_dYcaKXJW?UdY½]aGlM;dYcaK
∅[A]
dY{l]aWfhqlMDmcadYK]aGlM¤o	dYqfe`XlqJo]ahjd?qdYM>jM>K;M>q1]aU
 hj]VG m[hUe`d?hjq1]¤Wf{!ML5M	Z[klcaM>UaUVhjd?qJUL  MoLWYqÿXJUVM(WUVhK;hWfc;]VMDopGlqlh?XJM\]adkJcVdzy?M]VG#Wz]>½cVd?K Wfq_
UVXlklk!dYcV]
E
  MK¤W¦_Wf  W¦_[U^dY{[]pWfhqwW\kJcVd?k#M>c{JW?UhUcVMLJqlhql E FHGlMhm[MDWhU^]adU]VX#m[_MLMLKNMLq1]d?cVKXlWYU
BI
M>1XlhyzWfMLq1]+]Vd ∧
i∈I Ei ∧
∧
i/∈I ¬Ei
  GlM>cVM I hUHWUVXl{JUVM	]Hdf 1..p <FHGlMQklcaddfCdY]VGlhUcaM>UVXlj]hUUVhj?G?]aj_KNdYcaMhqyYdYyYMDm0]VGJWYqi]VGJMklcaddf9df9b½cVd?k#d1Uhj]VhdYqwtl |J!UVhjq#o	Mhqi]aGlM?MLqlM>caWYo>WYUVM
¬(α[A])
hUqldY]Wfq¢M>jM>KNMLq1]dYcaKXJWJC{lX[];caWf]VGlM>cn]VGJM\m[hUe`Xlq#o]VhdYq¢dY
α⊥[>]
WfqJm
α[¬A]
iFHGlhU
U]VcadYqJYMLc;klcadYk!MLcV]`_§hUNqldY]¤qlMLMDm[M>m£hjqÿ]VGlM(klcaddfQdf^d?XlcNKNWYhjq caM>UVXl]Dÿgd?cVM>dzyYM>c>  GlM>cVMDWYU]VGlM
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P²q]aGlhUnUVM>o	]VhdYq  M;M>qJo	d[m[MNM>yYMLca_dYk!MLcpWz]adYc}df5F
" hjq1]adiWmlMLcahjy?M>mwdYcaKXlW\dY , "9 ¨ UW0caM>UVXlj]>
 MdY{l]aWfhq W¢o	d?K;k!d?UVhj]VhdYqJWY*MLqJoLd[m[hjqJ§cVd?K F
" ]ad , " ]VG#Wz]\klcaM>UVMLcayYMDU;]VGlMwhjq1]VM>cVkJcVML]aWz]ahjd?qÿdY
d?cVKXlWYU> P²q]aGlMdYjd  hqlJ  MXJUVM]aGlM;qldf]pWz]VhdYq AnyE dYc]VGJMM>jM>K;M>q1]^dYcaKXJW ∅⊥[>] E]aGJWz]K¤Wf]aopGlMDUHMLyYM>cV_¤M>jM>KNMLq1]*hjq
E

FHGlMoLdYqJU]aWYq1]
>
df5F
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0
oLWYq{!M¤caM>WYmlhj_iMLq#o	d[m[M>m
X#Uhql¤W;b9cVMDU{JXlcV?MLc5o	d?qJU]VcpWfhq?]+]VG#Wz]*K¤Wz]popGlM>UHd?qlj_]VGlMnqXlyYMDo]adYcD
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(α[A])
  GlhjM]VGlMQMLqJoLd[m[hjqJ?U+df¥]aGlM}df]VGJMLc+dYk!MLcpWz]Vd?caU
{#WYUVho>Wfj_¤caML_dYq0]VGJMm[MLcahjy?M>m0b9caM>UV{lXlcaYMLcHd?k#M>caWf]VdYcpUYhyYMLqhq ,[M>o]ahjd?q   ïv[
¨ UaUXlKNM
A = ∃N φA  E
WfqJm
B = ∃N φB  E

0 = 	 ∃N  (N = 0)  AnyE
α[A] = 	 ∃N  (N = 1)  α[A]
A ∨ B = 	 ∃N (φA ∨ φB)  E
A | B = 	 ∃N (φA + φB)  E
A∗ = 	 ∃N (φ∗A)  E
FHGlM5M>qJo	d[m[hql1U%dYc
A∨B
WYqJm
A | B
caM>1XlhcVM
A
Wfq#m
B
]adn{#M^mlM	JqlMDm;dzyYMLc.]aGlM^UaWfKNM5UXlkJk#d?c]D
FHGJhU¤oLdYqJm[hj]VhdYq hUNqldf]kJcVd?{ljM>K¤Wz]Vhof P²qJmlMLM>m+?hjy?MLq£]  d¢UVXlklk!dYcV]yYM>o	]Vd?caU E = (E1, . . . , Ep)WYqJm
F = (F1, . . . , Fq)
J]aGlMUVXlklk!dYcV]
(E1, . . . , Ep, F1, . . . , Fq)
caM	#qlM>U5{!df]aG
E
WfqJm
F
HFHGXJU>J{_
b½cVd?k#d1Uhj]VhdYqwtl vl  MoLWYqiWf  W¦_[U*W?UVUVXlKNMn]aGJWz]}Wfq_\]  d¤d?cVKXlW?U*WfcaMm[MLJqlMDmXJUVhjql0W\o	d?KNK;d?q
UVXlklk!dYcV]>
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}
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]ahjyhj]`_dY[kJWfcpWfjM>fo	d?K;k!d?UVhj]VhdYq}dzyYM>cUML]CXlqlhdYqWYqJmQ]VGlM½M	Z[k#d?qlMLq1]ahWf]VhdYq}cVXJjM?
Sn1 | Sn2 = Sn1+n2

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A = ∃N  φA  E
 1
B = ∃N  φB  E
B 
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 #
 4 1 
[[0]] =
{
0
}
,
[[α[A]]] =
{
a[d] a ∈ α , d ∈ [[A]]
}
,
[[A ∨ B]] = [[A]] ∪ [[B]],
[[A | B]] = [[A]] | [[B]],
[[A∗]] = [[A]]∗.
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 +_\m[MLJqlhj]VhdYq
[[0]]
hU+]aGlMUML]
0  [[AnyE]]
[]VG#Wz]*hU+]VGlMUVhjqJYM	]Vd?q {
0
} 
+_m[MLJqlhj]VhdYq
[[α[A]]]
hU]VGJM}UVM	]
1  [[α[A]]]
[]aGJWz]5hU]VGlMnUVM	]
[[α[A]]]
  GlhopG\hUhj]aUVMLj.mlM	JqlMDm0W?U
{
a[d] a ∈ α , d ∈ [[A]]
} h½_?dYX(M>ML<W¤{lhj]}oLdYq[X#UMDm¥EcVMDoLWf]aGJWz]  MGJW¦yYMm[M	JqJM>m α[A] ]  hoLMYd?qJo	MnW?U5WfqMLMLKNMLq1]5dYcaKXJW;WfqJmd?qJo	MnWYU5WNoLdYXlq1]Vhql;dYcaKXJW1 
FHGlMnUVM	]
[[A ∨B]]
hU+]VGlM}XlqlhdYqdf]VGlMnUVGlM>W¦y?M>m0o	dYKNk!d?UVh]ahjd?qJU
n  [[E]]
dYc5WfE]VGlM}y?M>o]adYcpU
n
hjq
[[φA ∨ φB ]]
[]VGJWf]*hU>lhq
[[φA]] ∪ [[φB ]]
9FHGlMLcaM	d?cVM
[[A ∨ B]] = [[A]] ∪ [[B]]

FHGlMUVM	]
[[A | B]]
hU5]VGlMnXlqJhjd?qdY]aGlMUVGlM>W¦y?M>mo	dYKNk!d?UVh]ahjd?qJU
n  [[E]]
dYc*Wf¥]aGlMnyYMDo]Vd?caU
n
hjq
[[φA + φB ]]
[]aGJWz]5hULd?cHWYjE]aGlM}yYMDo]Vd?caUdf]VGlMQd?cVK
nA + nB
 hj]VG nA ∈ [[φA]] WYqJm nB ∈ [[φB ]] FHGJMQcaM>UVXlj]5dYjd  UcadYK ]aGlM}WYo	]5]VGJWf] (nA + nB)  [[E]] = nA  [[E]] | nB  [[E]] FHGlM0UML]
[[A∗]]
hU}]aGlMXlqJhjd?q¢dfH]VGlM0UGlMDW¦yYMDmoLdYKNk#d1Uhj]VhdYq#U
n  [[E]]
dYcWf9]VGJMyYMDo]Vd?caU
n
hjq
[[φ∗A]]
]VGJWf]hU>.dYcWYj½yYM>o	]Vd?caUndY]aGlMd?cVK
n1 + · · · + nk
 h]aG k ∈ N Wfq#m ni ∈ [[φA]] dYcWYj
i ∈ 1..k
 *M>qJo	M?<cadYK dYXlc;caM>UVXl]NdYq£kJWfcpWfjM>oLdYKNk#d1Uhj]VhdYqC  MdY{[]pWfhq¢]VG#Wz] [[A∗]] hU]aGlMUVM	]dYHWYj9]VcaMLM>Udf+]VGlM¤d?cVK
d1 | · · · | dk
 hj]VG k ∈ N WfqJm di ∈ [[A]] dYcWf i ∈ 1..k \FHGlM>cVMLdYcaMY
[[A∗]] =
⋃
k∈N[[A]]
k = [[A]]∗
lWYUHqlM>M>m[MDm¥

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WfqJm
B
  MnXJUMQ]aGlMo	d?cVcaM>UVk#d?qJm[hql;b9cVMDU{JXlcV?MLcHdYk!MLcpWz]adYcpUL ¨
K¤Wfe`dYcHm[hªEMLcaMLq#o	M  h]aG\]aGlM}klcVM>yhjd?XJUo>WYUVM>UhU]aGJWz]  McaM>1XlhcVM^dYcaKXlWYU+m[MLJqlM>m0dzyYM>c+W;o	d?KNK;d?q
{#WYUVM>UnUVMLM  M	#qlh]ahjd?qwt[OD 	FHGlhU*o	d?qJm[hj]VhdYq(hU*qldY]*klcVd?{lMLK¤Wz]aho}UVhjqJoLMY#{1_0b9cadYk!d?UVh]ahjd?qtl |J[h]hU
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¨ UaUXlKNM
A = ∃N φA  E
WfqJm
B = ∃N φB  E
  GlM>cVM E hU5W{#WYUVhU>
¬A = 	 ∃N (¬φA)  E
ABB = 	 ∃N (φA B φB)  E
FHGlM^dYjd  hqlkJcVd?k#d1Uhj]VhdYqU]aWf]VM>U9]VGlMQUd?XlqJm[qJM>UaU9df¥]aGlM^M>qJo	d[m[hql1U9df ¬ WYqJm B   GlhopG\cVM>jhM>Ud?q\]aGlM}XlqJmJWfKNMLq1]aWYklcadYk!MLcV]`_¤df.{JWYUVM>U>
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A = ∃N φA  E
 1
B = ∃N φB  E
* ! = , 
E
 # `c& #  # 
[[¬A]] = IT \ [[A]],
[[ABB]] =
{
d ∀d′ ∈ [[A]] . (d | d′) ∈ [[B]]
}
.
  °° ,hqJo	M
E
hUHW{JWYUVhUL?dYcHM>W?opG
d ∈ IT
1]aGlMLcaMhUHWXJqlh1XlM
nd
UVXJopG¤]VG#Wz]
d ∈ nd  [[E]]
P÷]
d?jd  U+]VG#Wz] d ∈ [[A]] hj9WfqJmdYqJj_0h nd ∈ [[φA]] FHGXJU>l{_0m[MLJqlhj]VhdYqdY ¬A   MnG#W¦yYM d ∈ [[¬A]]hjWYqJmid?qlj_hj
nd ∈ [[¬φA]]
¥hHWfqJmwdYql_(h
nd /∈ [[φA]]
hj+WYqJmid?ql_hj
d /∈ [[A]]
©ldYc]VGJMNUVM>oLdYqJm
MD1XJWz]ahjd?q
d ∈ [[A B B]]
hj+WYqJmid?qlj_hj
nd ∈ [[φA B φB ]]
hj+WYqJmid?ql_hdYcnWf
nA ∈ [[φA]]
]VGlM
UVXlK
nA + nd
hUhjq
[[φB ]]
 ,dh
d ∈ [[A B B]]
%]aGlMLq¢d?c;WYj
d′ ∈ [[A]]

nd′ ∈ [[φA]]
WYqJm]VGXJU
nd|d′ = nd +nd′ ∈ [[φB ]]
_hMLm[hjqJ
(d | d′) ∈ [[B]]
%WdYqyYM>caUVML_Y?h¥d?c+WYj
d′ ∈ [[A]]

(d | d′) ∈ [[B]]

]aGlMLq§M	]
nA ∈ [[φA]]
%WfqJmM	]
d′ ∈ nA  [[E]]
  M¤GJW¦yYM
d′ ∈ [[A]]
.UVd
(d | d′) ∈ [[B]]
._hjM>m[hql
nd|d′ ∈ [[φB ]]
 Xl]
nd|d′ = nd + nd′ = nd + nA
JUVd
d ∈ [[ABB]]

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¨ UaUXlKNM
A = ∃N φA  E
  GJMLcaM E hU5W;{JWYUVhUL
α[A] = 	 ∃N1, N2, N3  (N1 = 1 ∧N2 = 0 ∧N3 = 0)  (α[A], α[¬A], α⊥ [>])
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B
  °° +_¢hjqJmlXJo]ahjd?qÿd?q¢]VGlMUV_q?]pWzZ¢df
A
£FHGlMMLq#o	d[m[hql?UdYc¤o	d?qJU]aWfq1]pUdYF
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[[C1]] = [[A1]]
Wfq#m
[[C2]] = [[A2]]
  MNo	d?qJo	XJm[M{1_WYklkl_1hql\]VGlMNWfklkJcVd?klcVhWz]aMnMLqJoLd[m[hjqJ]Vd
C1
WYqJm
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hU5]aGlMo	d?qJU]aWfq1]
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  MUVhjKNkl_]pWf?M A = > ¨ UVUVXlKNM
B
hU\]VGJMUVGlM>W¦y?M>m o	d?KNk#d1Uhj]VhdYq
∃N  φ  E
  GlM>cVM E = (α1[B1], . . . , αp[Bp])  +_hqJm[X#o]VhdYqCH]VGlM>cVMiMLZ[hU]aU
p
dYcaKXlWYUNdY
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*UVW¦_
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*UVXJopG ]VGJWf]
[[Ai]] = [[Bi]]
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{!M]aGlM0UVM>1XlM>qJo	M\df5jd[o>Wz]VhdYq§d?cVKXlWYU
(α1[A1], . . . , αp[Ap])
WfqJm§M	]
n  F
m[M>qldf]aM>U
]aGlM0dYcaKXlW
α1[A1]
n1 | · · · | αp[Ap]np
dfQF
"9 "M	]
L(b1, P1), . . . , L(bq, Pq)
{!MWUM>KNhjhjqJM>Wfc
UVM	]cVM>klcVMDUM>q1]Vhql
[[φ]]
©ldYcMLy?MLca_whjqlMDWfcUVM	]
L(bj , Pj)
  h]aG i ∈ 1..q    M\m[MLJqlM¤]aGlMd?cVKXlW
Cj = (bj F) | (pj,1 F)∗ | . . . | (pj,lj F)
∗ ?dYF
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∨
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a[d]
F
¬a[>]

a⊥[>] = ¬0 ∧ ¬(¬0 | ¬0) ∧ ¬(a[>])
,vY 
 M\o	d?qJUVhm[M>c}]VGlM\{JWYUVhU
E = (a[>], a⊥[>])
Wfq#md?ql_wcaM>WYUVdYqdYq]aGlM\o	d?Xlq1]Vhqlo	d?qJU`]acaWYhjq1]pUL
 M¤XJUVMN]VGlM\y¦WYcVhWf{JjM
M
dYc}]VGJMqXlK{!MLcdY+M>jM>KNMLq1]aUnK¤Wf]aopGlhql
a[>]
WYqJm
N
d?cn]VGJM¤q1XJK{!MLc
éÛ.×éÅè
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dY<MLMLKNMLq1]aU^K¤Wz]aopGJhjql
a⊥[>]
  MG#W¦yYM}]VG#Wz]
¬(a[>])
o	d?cVcaM>UVk#d?qJmlU+]ad
¬((M = 1) ∧ (N = 0))

"Chj?M  hUM? ¬0 oLdYcacVMDUk!dYq#mlU]Vd}]VGJM5dYcaKXlW ¬((M = 0)∧ (N = 0)) dYc½M>1Xlhy¦WYjM>q1]V_ M+N 6= 0  WYqJm
¬0 | ¬0
o	d?cVcaM>UVk!dYqJmlU]ad`F
∃M1, N1,M2, N2.(M = M1 +M2) ∧ (N = N1 +N2) ∧ (M1 +N1 6= 0) ∧ (M2 +N2 6= 0)
 GJhopG;hU%MD1XlhjyzWYjM>q?]<]ad M+N > 2  _o	dYK{lhqlhjqJ]aGlM>UVM+]VGlcaMLMHb9caM>UV{lXlcaYM>c.dYcaKXlWYU>  MHd?{[]aWYhjq]aGJWz]+]VGJMQcahYG1]÷GJWfq#mUhm[MQdf},vY o	d?cVcaM>UVk!dYqJmlU½]Vd
(M +N = 1)∧¬((M = 1)∧ (N = 0))
  GlhopG
hUHM>1XlhyzWfMLq1]H]Vd
(M = 0) ∧ (N = 1)
JWYUHqJMLM>mlM>m¥
FHGlMQUMDo	d?qJmNM>1XJWf]VhdYqU]aWz]aM>U9]VGJWf]Wo	d?KNk#d1Uhj]VhdYq¤dYMLMLKNMLq1]aU½qJWfKNMDm
a
K¤W¦_;qldf]oLdYq1]aWYhjqi,Wz]
]adYk[÷MLyYM> +WYq0M>jM>K;M>q1]*qldf]5Wf{!MLM>m  h]aG a 
a[>]∗ = ¬(> | a⊥[>])
,|? 
 M§XJUM]VGJM§UaWfKNM{JWYUVhU\]aGJWfq hjq ]VGJMkJcVM>y1hdYX#U\MLZ[WYKNkljM§Wfq#mAWf1WfhqAo	d?qJo	M>q1]VcpWz]VMdYq ]VGlM
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((M = 1) ∧ (N = 0))∗
l]aGJWz]hU
]ad
(M > 0) ∧ (N = 0)
<©JdYcH]VGJMncVhYG1]÷GJWYqJm0UVhm[MY
> | a⊥[>]
oLdYcVcaM>UVk!dYqJmlU]ad`F
∃M1, N1,M2, N2.(M = M1 +M2) ∧ (N = N1 +N2) ∧ (N2 > 1) ,
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W¤Jqlhj]VMUVM	]Qdf½U]aWf]VM>U>
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φ(#q1, . . . ,#qp)→ q
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dYcQWf
i ∈ 1..n
#WYqJm
|= φ(m1, . . . ,mn)
  GlMLcaM mi hU*]aGlMKXl]ahjkJjho	hj]`_(df qihq¤]aGlM^KXl]ahUVM	]
qj1 | · · · | qjn
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a[qs]→ qa b[qs]→ qb (#qa = #qb) ∧ (#qs > 0)→ qs
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d→ q′ α[q′]→ q ∈ R a ∈ α
a[d]→ q
Å]`_k#Mv? 
e1 → qj1 . . . en → qjn φ→ q ∈ R
(n 6= 1) #Q(qj1 | . . . | qjn) ∈ [[φ]]
e1 | . . . | en → q
¨ UXJUVXJWf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QE = ∅
QM = {q φ→ q ∈ R∧ |= φ(0)} ¬  ¬ [
 
α[q′]→ q ∈ R
WYqJm
q′ ∈ QM
WYqJm
α 6= ∅   ¬	
QM := QM ∪ {q}
WfqJm
QE := QE ∪ {q} 
φ→ q ∈ R
WfqJm
φ \QE
hU5UaWz]VhU#Wf{lM
   ¬	
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P²q(]aGlMoLW?UMndY%oLdYqJU]VcpWfhqlMDm\caXlM>U>
φ → q
  MnqlM>M>m]VdopGJM>op  GJM	]VGJMLc5]aGlMLcaMhU*WNKXlj]VhUVM	]^dY
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∧
q/∈QE
#q = 0
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φ \ ∅
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|= φ(0)
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 P²q(]aGlMo>WYUVM
A = >  MoLWYqiUhKNkl_opGJd1d1UM*WYq WYj!WYo>o	MLkl]Vhql *WfX[]adYK¤Wz]adYq%©ld?c9M	ZlWYK;kJjM?Y]aGlMWYX[]Vd?KNWf]Vd?q  hj]VG\Xlqlh?XJMÅJq#WfÅ 9U]aWz]aMY
q
#WfqJm  h]aG(cVXlM>U ∅⊥[q]→ q JWfq#m (#q > 0)→ q FHGlMnd?ql_df]aGlMLc*o>WYUVMQhU
A = ∃N φ  E
  GlM>cVM E hU*WNUXJklk#d?c]5y?M>o]adYc (α1[A1], . . . , αp[Ap]) +_;hjqJmlXJo]ahjd?qY]aGlMLcaM*hUWYq¤WfX[]adYK¤Wz]adYq
Ai
WYoLoLMLk[]ahjqJ}]VGlMK;d[m[M>U½df
Ai
dYcWf
i ∈ 1..p
.©JcVd?K
WYqWYX[]Vd?KNWf]Vd?q
C
W?oLo	M>k[]Vhql0]VGlMNKNd[m[MLUQdf
C
  M¤oLWYqoLdYqJU]VcaXJo]nWfq§WfXl]VdYK¤Wf]VdYq Cα WYoLoLMLk[]ahjqJ]aGlMUVM	] {
a[d] d ∈ [[C]], a ∈ α
} F+hj
α = ∅
J]aGlMLq
[[α[C]]] = ∅
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α[q] → qs
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df
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αi[Ai]
dYc*WYj
i ∈ 1..p
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FHGlM(o	d?qJU]VcaXJo]ahjd?q¢df
A
hU;UhK;hWfc]adWm[M	]aMLcaK;hqlh d>Wf]VhdYq'klcad[o	MDUVU> "ML]
A
{#M\]VGlMklcadmlXJo]
WYX[]Vd?K¤Wz]Vd?qwdY9]VGlM
Bi
 U}WYqJmwM	]
{Q1, . . . ,Qm}
{!MN]VGlM¤U]aWf]VM>UQdY
A
 ¨ U]aWf]VM
Q
df
A
hU}df]VGlM
d?cVK
(q1, . . . , qp)
  h]aG qi WNU]aWf]VMndf Bi JWfqJmK¤W¦_\caMLkJcVMDUM>q?]+]VM>cVK¤U*W?oLoLMLk[]aM>m{_0UVMLyYM>caWYEdf%]VGlM
Bi
 U>  MX#UMn]aGlM;qldf]pWz]VhdYq
Q ∈
Jq
(i)
]Vd0UaW¦_0]VGJWf]^]VGJM
i  oLdYKNk#d?qlMLq1]Qdf Q hUQW¤JqJWYU]aWf]VMdY
Bi
^FHGlM;o	dYq#U`]acaWYhjqlMDm(cVXJjMDU*df
A
WYcVMdY<]VGlMdYcaK
ψ(M1, . . . ,Mm) → Q
  GJMLcaM Mi U`]pWfqJmlU*dYc]aGlMNqXlK{!MLc}dfdo>o	XlcacaMLqJoLM>Udf9]aGlM¤U`]pWz]VM
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dYc
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i ∈ 1..p
 FHGlM}dYcaKXlW
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X ij
[dYc
j ∈ 1..p
loLdYcacVMDUk!dYq#m[hjqJ]VdN#qJWfU]aWf]VM>UHdY
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d[oLoLXlcVcahqlhq
Qi

∃
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X ij
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·


∧
i∈1..m
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Mi =
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Qi∈  (j)
X ij
)
∧ φ
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i∈1..m
Qi∈  (1)
X i1, . . . ,
∑
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Qi∈  (p)
X ip
)
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[[A]] = ∅ #1\ 	0 1 \c$4  ) 6)A 
O(T 2 (̂d(A)̂ h(A)))
B
Wd?K{lhqlM>m  h]aGdYXlcklcaMLyhjd?XJU9caM>UVXlj]aU½dYq¤]aGlM^M>K{!M>mlm[hqldfCF
"hq , "  MQWfUdd?{[]aWYhjqmlM>o	hm
WY{lhjhj]`_klcadYk!MLcV]VhM>UdYcQ]VGJM]acVM>MdY?hoYWYU  ML%W?U}WfX[]adYK¤Wz]pWz÷{JWYUVM>mimlM>o	hUVhjd?qwklcad[o	M>mlXlcVMDU*d?c}]VGlM
KNd[m[M>²opGlM>ophqlWfq#mUXl{l]`_1kJhjql\klcVd?{lMLK¤UL P²q#m[MLMDm¥!cVd?K WNd?cVKXlW
A
dY<F
"  MoLWfq{JXlhjmiWYq
MD1XlhjyzWYjM>q?] , ",d?cVKXlW  h]aGw]aGlM;UaWfKNMNm[MLkl]VGÿ  GlhopGhUQ{#d?XlqJm[MDmi{_ |A|  QWYqJm  hj]VGm[ML?cVM>MWz]KNd1U`]
3̂ |A|
FHGlM;yzWfXlM
3
o	d?KNM>UcVd?K ]VGlMNUVhQd>MdY9]VGlMN{JW?UhUXJUMDmwhqi]aGlMNMLqJoLd[m[hjqJ\df+jd[o>Wz]VhdYq
 ,M>o	]VhdYq D? 	  M}dY{l]aWfhq0]VGJWf]+]aGlMUaWz]VhU#Wf{lhh]`_¤klcadY{JjM>K dYc*F
"hUHhq(m[dYXl{JjM}M	Z[k!dYqlM>q1]VhWf!]VhKNMY
¡ q#o	M}KNdYcaMY  M}WY{JU]VcpWYo]HdzyYM>c+]VGlMoLdYKNklM	Z[h]`_\df%b9cVMDU{JXlcV?MLcdYcaKXlWYU>
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 <*   =# 6 #ba Ec0)4U)6. ' ,Ec04  A
[[A]] = ∅ #1\ 	0 1 \c$4  ) 6)A 
O(T 2 (̂3 |̂A|2))
B
   5+   5 
 	
Wd?qJU]VcpWfhqlM>m¥1]`_k!MNvY 	[cVXlM>UHdYUVGlM>W¦y?M>UHWfX[]adYK¤Wz]pWWYcVMQXJUVM>m\]VdNM	Z[kldYcaM^]aGlM `GJdYcahQd>dYq1]aWY U]VcaXJo
]aXlcaMdYJ]VcaMLMDUL,GlMDW¦yYM>U.WfXl]VdYK¤Wf]aWQoLWfq;WYU.M>W?Uh_QMLZ[kljd?cVM+yYM>c]aho>WfU`]acVX#o]VXJcVMHWfqJm{#MHXJUVM>m]VdQK¤Wz]popG
k#Wz]VG#U^dYqlMDU`]aM>mwMLMLKNMLq1]aUp ^WY{#M>U>  MNoLWYqUVhjKNkl_]aWf?MW?m[yzWfq1]aWYYMdY<]VGlM;hq?]acVhqJUVhocaM>o	XJcaUVhjy?M
q#Wz]VXJcVMQdfWYX[]Vd?K¤Wz]aWJ1]VGJWf]HK¤W¦_¤o	d?q1]aWfhqJUHo	_[oLjhomlMLk!MLqJm[M>qJo	hM>UH{!M	]  MLM>q0U]aWf]VM>U>1]Vd¤o	d?KNklhjMQkJWz]aG
MLZ[klcVMDUVUVhdYqJU>
P²q ]aGlhU0UMDo]ahjd?q  MiMLZ]VMLq#m ]VGlMwUV_q1]aWzZ df , "  hj]VG caM>oLXlcpUhyYM(m[M	#qlh]ahjd?qJU> ©JdYc¤]aGlMwUaWf?M
dY+{JcVM>y1hj]`_Y  M  hjU]aW¦_Wz]WYqhq[d?cVK¤Wf½jM>yYMLo	dYKNkJWYcVMDm]Vd(]VGJMcVMDU`]df+]VGlMk#Wfk!MLcD ¨ o	]VXJWYj_Y
d?Xlc5klcahjK¤WYcV_?d?WY¥hUH]ad¤klcadzyYMQ]VGJWf]*kJWz]aG(M	Z[klcaM>UaUhdYqJU5WYqJmh]aMLcpWz]ahjd?qWYcVM}hqJm[MLMDm]  dNd?c]aGldY?dYqJWY
d?cVK¤U%dYEcaM>oLXlcpUhdYq;WfqJm;]aGJWz]9d?Xlc<cpWfKNM  dYcaoLWYq;MDWYUVhj_{!M*MLqJcVhopGlM>m  hj]VG¤kJWf]VGNM	Z[klcaM>UaUVhjd?qJUL  M
WYUVdU]VXJm[_W0UhKNkljMU_q1]aW?o]VhoncaM>U]Vcaho	]VhdYqd?q(dYcaKXlWYU*]VGJWf]hK;kJcVdzy?M>UH]aGlMMLª!MDo]VhyYM>qlM>UaU*dY9dYXlc
WYklklcad?W?opG
0¬ 0¦  ¬ "   ¬   ¬  ½°! ,
X,Y, . . .
caM>o	XJcaUVhjy?MyzWYcVhWf{lM>U
E ::=
MLMLKNMLq1]5d?cVKXlW
α[X ]
MLMLKNM>q?]  hj]VG(Wf{!ML¥hq α
D ::=
cVMDo	XlcpUVhjy?MQm[MLJqlhj]VhdYq
X ← ∃N φ(N)  E
UGlMDW¦yYMDU+oLdYKNk!d?UVh]ahjd?q
A ::=
+-, "d?cVKXlW
〈D1, . . . , Dn;X〉
éÛ.×éÅè
 
	 vEM
FHGlMUV_q1]aWzZdf+dYcaKXlWYU}hUnM>yYMLqM>WfqJMLcn]aGJWfq§hq , " WfqJmhUncVM>KNhjqlhUao	MLq1]dY]acVM>M¤YcpWfKNK¤WfcVF
d[oLWf]VhdYqhU5caM>U]Vcaho]VMDm]ad¤yzWfcahWY{ljMDUHWfqJm(WdYcaKXlW;hU^UhKNklj_W¤UML]*df.cVMDo	XlcpUhyYM}m[MLJqlhj]VhdYqJU  hj]VG
WNm[hU]VhqlYXlhUVGlM>mhqlhj]VhWfÅ HyzWfcahWY{ljM?
FHGlMo	d?qlqlM>o	]VhdYq  hj]VG¢]acVM>MYcpWfKNK¤WfchUMLyYM>q'o	M>WYcVM>chjq']VGlMm[M	JqJh]ahjd?q¢df5]VGJM0UaWz]VhUWYo]ahjd?q
caMLWz]ahjd?q ¨ ]VcaMLM
d
KNWf]aopGlMDUW\dYcaKXJW
〈D;X〉
m[MLqldY]VMDm
D ` d : X
¥hj+WYqJmid?ql_hj½]aGlMLcaM;hU}W
mlM	Jqlhj]VhdYq
(X ← ∃nφ E)
hjq
D
UVXJopG;]VGJWf]
d ∈ n  [[E]]
WfqJm
|= φ(n)
?]VG#Wz]9hUL
d |= ∃Nφ E
hq , "9
 M}WfUd;WYm¦e`XJU]+]VGlMQcVXJjMdYc+MLMLKNMLq1]+dYcaKXlWYU> ¨ q\M>jM>KNMLq1]
a[d]
K¤Wz]popGlM>U
α[Y ]
hjq\]VGlM}o	d?q1]VM	Z]
D
 }hjHWYqJmdYql_whj
a ∈ α
WfqJm
D ` d : Y
©ldYcnMLZlWfKNklMYChj
AnyD
hU}]VGlM¤caM>oLXlcpUhyYM¤m[MLJqlhj]VhdYq
X ← ∃N  (N > 0)  ∅⊥[X ]
]aGlMd?cVKXlW
〈AnyD;X〉
K¤Wz]popGlM>U*MLyYM>cV_0]VcaMLMhjq
IT
hj]klcadzyhm[MDU*W
k!d?UaUVhj{lM}MLqJoLd[m[hjqJ;dY
>
 	
XQcpWfq1]VMDm']aGlM(cVM>Wf]VhdYq  h]aGÿ]acVM>M0?caWYKNKNWYc>½h]¤hUNqldf]¤qlMDo	M>UaUaWfca_§]VdXJUM]acVM>M(WYX[]Vd?K¤Wz]aWw]Vd
mlM>o	hm[M0]VGlM(dY?hoYSP²qJm[M>M>m¥½]VGlM>cVM(M	Z[hU`]NM-oLhjM>q?]  W¦_[U]adK¤WfqJhjklXJWf]VM(YcpWfKNK¤WfcpUn]aGJWz]m[dqldf]
M	Z[klhoLh]aj_l ^cVMD1XlhjcaMWYX[]Vd?K¤Wz]aWf{#WYUVM>m0]VMDopGlqlh?XJM>U>}x^dYqlML]VGlM>jMDUVU>!]VGlMNo	d?KNklhjWz]ahjd?qcadYK +-, "£]Vd
UVGlMDW¦yYM>UNWYX[]Vd?KNWf]aWhU\U]VcpWfhYG1]d?c  Wfcpm'Wfq#mÿkJcVdzyhm[M>UNW§Ydd[m hmlM>W§df}Gld  UGJM>W¦yYMDUNWfX[]adYK¤Wz]pW
oLdYK{lhjqJM  M>j  h]aGicVMDo	XlcpUVhjd?q ¨ qihjq1]aMLcaM>U]Vhql¤klcadYk!MLcV]`_\df%]aGlMWfXl]VdYK¤Wf]VdYq A d?{[]aWYhjqlMDmcVd?K Wd?cVKXlW
A
hU+]VG#Wz]^M>yYMLca_¤yzWfcahWY{lMQdY
A
oLdYcacVMDUk!dYqJmJU9]adW¤UhqlYMnU`]pWz]aMQhq
A
#WYqJm\]VGlMUVh dLM>UHdY
AWYqJm
A
WfcaMQkJcVd?k#d?c]ahjd?qJWf
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A
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A
 8 #  V
O(|A|)
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A
B
  °° ¨ UVUVXlKNM
A = 〈D;X〉
0©JdYcnM>yYMLca_iM>jM>K;M>q1]dYcaKXlW
α[Y ]
WfqJmMLy?MLca_iyzWfcahWY{lM
Z
do	
oLXlcacVhqlhq
A  M;UML]Xlk]aGlMNU`]pWz]VMDU qα[Y ] WYqJm qZ  "ML] Q {!M]VGlM;UML]df+Wfj%UVXJopGiU`]pWz]aM>U>QFHGlM>qd?cM>yYM>cV_MLMLKNMLq1];dYcaKXlW
α[Y ]  MUML]Xlk£]VGlM0]`_k#M§`O¦ caXlM α[qY ] → qα[Y ] WfqJm§d?cM>yYM>cV_mlM	Jqlhj]VhdYq
Y ← ∃N φ  E
hq
D
  hj]VG E = (α1[Y1], . . . , αp[Yp])   M;UML]Xlk]aGlM]`_k!M0vY 5caXlMEF
φ(#qα1[Y1], . . . ,#qαp[Yp]) → qY
&"CM	]
R
{!M]aGlM;UVM	]Qdf½WYj%UX#opGicVXJjMDUL^FHGJM;UVGlM>W¦y?M>U*WYX[]Vd?K¤Wz]Vd?q
 hj]VGU]aWf]VM>U Q [cVXlM>U R WfqJm\JqJWYU`]pWz]VM}]aGlMUVhjql?jML]Vd?q {qX} WYoLoLMLk[]pU]VGlMnKNd[m[MLU5dY A  
'UhqlN]VGJMm[M	#qlh]ahjd?qdf.]VGlMm[MLcahjy?M>mdYk!MLcpWz]adYcpU+YhyYMLq(hq ,M>o	]VhdYq Dl  Mo>Wfq(klcadzyYMQ]VGJWf] +-, "
oLdYcacVMDUk!dYq#mlU]VdiWfq§MLZ1]aMLqJUVhdYqdf5F
"  h]aG¢cVMDo	XlcpUhyYMNm[MLJqlhj]VhdYqJU>  GlM>cVMN]aGlM¤do>Wz]ahjd?qd?k#M>caWf]Vd?c
hU*hK;hj]VMDm(]Vd\cVMDo	XlcpUhyYM}yzWfcahWf{lMY
a[X ]
H©JdYcM	ZlWfKNklMYJdYcaKXlW    !{#M>jd  !hUUVWf]VhU`#M>m({_\]acVM>M>U
 hj]VGW;kJWf]VG (a.b)∗ WYqJm,tY +hU5UaWz]VhUJM>m0{_]VcaMLMDUHK¤Wz]aopGJhjql A UVdYKNM  GlM>cVM?
〈
X ← (a[Y ] | >) ∨ 0 , Y ← (b[X ] | >) ; X
〉     
〈
X ← (∅⊥[X ] | >) ∨ A ; X
〉 ,tY 
FHGlhU*caM>U]Vcaho]VhdYqm[dMDU*qldY]^M	Zlo	MDUVUVhyYML_hjKNhj]*]VGJMM	Z[klcaM>UaUVhjy?MLqlMDUVU+df%]aGlMdY?hoY ¨ ]aGldYXl?G(]VGlM
caM>UVXlj]Vhql(M	Z]VM>qJUVhjd?qdYHF
" hU}jMDUVUM	Z[klcaM>UaUhyYM]VGJWYq]VGlM¤dY?ho;MLqJcVhopGlM>m  hj]VG§YM>qlMLcpWf<M>W?U`]Wfq#m
?cVMDWz]aM>U]lZ[k#d?hjq1]pUL9W?Ud?XlqJm¢hq K M2N÷9h]NhUk!d?UaUh{lM]adwMLq#o	d[m[M0WYj]VGJM0kJWf]VG'd?k#M>caWf]Vd?caUnX#UMDm'hq
FY&" KUTVN÷ ¨ mlm[hj]VhdYq#Wfj_?J]aGlhUUhKNklMU_q1]aW?o]aho>WfCcaM>U]Vcaho]VhdYq(klcaM>oLjX#m[M>UH]aGlMmlM	Jqlhj]VhdYqdY½m[ML?MLq[
M>caWf]VM}caM>o	XJcaUVhjy?M*d?cVKXlW?UL[dYC]aGlM}dYcaK
µX.a[X ] | a[a[X ]]
  GJMLcaMQyzWYcVhWf{lM>UHWYklk#MDWfc5Wz]^mlhªEMLcaMLq1]
mlMLk[]aGJU*Wfq#m\K¤Wz]popG Xlq{JWYWYqJo	MDm QUVM	]*df.]VcaMLMDU}Ycad  hql;W?U  M>j¥hq({lcaM>WYm[]VG(WfqJmhq(mlMLk[]aG# 
×× Ýo=p
|?u  B74 )4U
* B <EE 
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¨ jhKNh]pWz]VhdYqwdf<dYXlcQWfklkJcVd1WYopGhU^]VGJWf]^]acVM>M>U5KXJU`]Q{#MklcadoLM>UaUMDm{#dY]]Vd?K;XlkC^FHGlhU^U]VcpWz]VM>Y_
K¤W¦_n{!M5hjqJM-o	hMLq1]%dYc%WfcaYM+hjq[d?cVK¤Wf]VhdYq]acVM>M>U<UVhjq#o	MYYhjq]VGlhU<oLW?UM?  M  Wfq1]%]Vd  dYca dYql,]aGlM	  J_ p
 hj]VGJdYX[]oLdYKNklM	]aML_d?W?m[hjqJ*W+]VcaMLM9{!M	d?cVM9kJcVd[o	MDUVUVhqlHh]D.Fd*W¦yYd?hm]VGJhUCklcVd?{lMLK(  M9K¤W¦_^hKNk#d1UM
WwUhKNkljMU_q1]aW?o]aho\cVMDU`]acVho]ahjd?q¢dYq +-, " hq'dYcpm[MLc]Vd  d?cV  h]aG']Vd?k[²m[d  q'UGJM>W¦yYMDUWfXl]VdYK¤Wf]aWl
 M(]aWYYMhqJUVklhjcpWz]ahjd?q£cadYK W§cVMDU`]acVho]ahjd?qÿd?qUVM>1XlMLq1]ahWY^o	d?K;k!d?UVhj]VhdYq hjq!  gg " ,lopGlMLK¤W K |lOf
,[M>o]DJ|l Ol DNlqld  q(WYU  #  #   =  4  A  =  	04Q,6
 #
 M^UaW¦_n]VGJWf]½WnUXJklk#d?c]
(α1[X1], . . . , αp[Xp])
GJW?U 	& #  #     4  A  = 1E 	04Q,6
 #;6W +  } %hj
M>yYM>cV_WY{#M>JXlqlh1XlML_¤m[M	]aMLcaKNhjqlMDU½WncaM>oLXlcpUhyYMHyzWfcahWY{lMEFd?cWYj
i, j ∈ 1..p
1hj
i 6= j
]VGlM>q
Xi 6= XjWYqJm
αi ∩ αj = ∅
 ¨ dYcaKXlW
〈D;X〉
GJW?UW +  hj5MLyYM>cV_wy¦WYcVhWf{JjM;hUm[M	JqJM>m WYklk!M>WfcpUnWz]n]aGlM
M	Å]VG#WfqJm§UVhm[M¦ M	ZlWYo	]V_idYqJoLMNhjq
D
WYqJmh+]VGlMUVXlklk!dYcV]ndfHMLy?MLca_im[M	JqJh]ahjd?qhq
D
GJW?UW +   W
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